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Let K, I and J be finite sets, with K, I and J with cardinality larger than or equal to 2.1 A collection

of matrices (Ak)k∈K , with Ak ∈ RI×J defines a unique zero-sum game with lack of information on one side

GA(p), for some p ∈ ∆(K). Let G be the set of vectors ((Ak)k∈K , p) ∈
∏

k∈K R(I×J) ×∆(K). Let C(∆(K))

denote the class of continuous real maps in ∆(K) and endow C(∆(K)) with the || · ||∞-norm. The following

result is known (see Sorin (2002)) and is stated for future reference.

Lemma 0.1. Let f :
∏

k∈K R(I×J) → C(∆(K)) be defined by f(A1, A2, ..., A|K|) = vA. Then f is continu-

ous.

Define Gp as the set of matrices (A1, ..., A|K|) such that (A1, ..., A|K|, p) is locally nonrevealing at p. We will

show that Gp has non-empty interior in
∏

k∈K RI×J . We will consider wihtout loss of generality p ∈ int∆(K).

If the prior p is not in the relative interior of ∆(K), then we drop the type that has probability zero from

set K. Lemma 0.2 and Theorem 0.3 below are known results in the theory of zero-sum games with lack of

information on one side. We state them for reference.

Lemma 0.2. Let (A1, ..., A|K|, p) define a zero-sum game GA(p) with lack of information on one side. There

exists an optimal strategy of the informed player such that the induced posteriors (ps)s∈S by such strategy

satisfy |S| ≤ |K|+ 1.

Theorem 0.3. The operator Cav : C(∆(K))→ C(∆(K)) 2 is continuous.

Let {fi}ni=1 be a finite collection of real affine functions defined on ∆(K) such that fi(p) := ai ·p+bi. This

collection defines a concave piecewise linear function by letting H(p) := min{f1(p), ..., fn(p)}. This concave

piecewise linear function H induces a polyhedral subdivision3 on ∆(K) by projecting the faces of the graph

of H over ∆(K). Consider a point p0 in the relative interior of ∆(K) and consider the following polytope of

RK×R: let y0 = (p0, x) ∈ ∆(K)×R where x > 0 and let vk = (vk, 0) where vk is a vertex of ∆(K). Consider

P = co{y0, v1, ..., vk}. The boundary of P minus int∆(K) is the graph of a concave piecewise linear function

Hy0 , with each maximal proper face of P corresponding to the graph of an affine function. The polyhedral

subdivision on ∆(K) induced by this concave piecewise linear function will be denoted Py0 .

Proposition 0.4. Assume |I|, |J | ≥ |K| and p ∈ int∆(K). Then there exists a game (A1, ..., A|K|) ∈ Gp.

1If I has cardinality 1, than the nonrevealing value function is concave. Therefore it is equal to its concavification. If J has
cardinality 1, then one optimal strategy of the informed player is to completely reveal the information at any prior, since the

uninformed player has no other strategy to play. This implies the concavification is affine.
2Laraki (2004) shows the operator Cav is well defined.
3See De Loera, Rambau and Santos (2010) for a definition of polyhedral subdivision.
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Proof. We prove a slightly stronger result: we will show that there exists (A1, ..., AK , p) such that for any

(pi)
n
i=1 ⊂ ∆(K) with

∑n
i αipi = p and Cav(vA)(p) =

∑n
i=1 αivA(pi), there exists i0 such that pi0 ∈ int∆(K).

Choose p0 6= p in the interior of ∆(K) and consider the polytope P constructed just like in the previous

paragraph. As discussed in the previous paragraph, consider the finite collection of affine functions {fi}Ji=1

defining the concave piecewise linear function Hy0
whose graph is the boundary of polytope P . We show

that the function Hy0
is the nonrevealing value of a game in Gp. Let atj be t-th entry of vector aj such that

fj(p) = aj · p + bj . Define the matrix At = [vt1, ..., v
t
J ] and η̄ = minj,t{atj}, where vtj is a column vector of

length I with entries from 1 to |K| all equal to atj + bj and η < η̄ everywhere else. Consider the vector

(A1, ..., A|K|, p). Notice that for each t, the rows of the submatrix of At composed by the first |K| rows and

|J | columns are all equal. So in the one shot zero-sum game given by matrix Ā(p), the row player is indifferent

between these rows, which are in turn strictly better than the rows from |K|+ 1 to I, by construction. The

column player, who is a minimizer, chooses therefore the columns that minimizes the row players’ payoffs:

each column j of Ā(p) is a vector such that the first |K| entries are equal to fj(p) by construction. So

the column player chooses j0 such that fj0(p) = minj∈J{f1(p), ..., fJ(p)} = Hy0
(p) = vA(p). Therefore the

nonrevealing value function vA equals Hy0
. Now, let Py0

be the polyhedral subdivision induced by Hy0
. By

definition p belongs to a maximal cell C of Py0
. If p belongs to the interior of C, then any optimal strategy

of the informed player at p induces a posterior at the relative interior of ∆(K), because there is one vertex

of C in the interior of ∆(K), namely p0. If p is in the relative interior of the intersection of two or more

cells, then the intersection also has a vertex at p0, which implies that any optimal strategy of the informed

player induces at least one posterior in the interior of the simplex. �

Proposition 0.4 above provides conditions under which Gp is nonempty. We use it to prove the following

robustness result:

Proposition 0.5. Let p ∈ int∆(K) and |I|, |J | ≥ K. Then Gp has nonempty interior.

Proof. Consider (A1, ..., A|K|, p) such that for any (pi)
n
i=1 ⊂ ∆(K) with

∑n
i αipi = p and Cav(vA)(p) =∑n

i=1 αivA(pi), there exists i0 such that pi0 ∈ int∆(K). The existence of such a game is guaranteed

by the proof of Proposition 0.4. Assume by contradiction there exists a sequence (A1
s, ..., A

|K|
s )s∈N with

lim
s→∞

(A1
s, ..., A

|K|
s ) = (A1, ..., A|K|), such that for each s, any optimal strategy at p induces posteriors in the

boundary of the simplex ∆(K). By Lemma 0.2, let (ps1, ..., p
s
|K|+1), with

|K|+1∑
i=1

αs
ip

s
i = p,

|K|+1∑
i=1

αs
i = 1, αs

i ≥ 0

be the vector of posteriors induced by an optimal strategy given by Lemma 0.2 for the zero-sum game

with lack of information on one side with prior p defined by (A1
s, ..., A

|K|
s ). By assumption, psi ∈ ∂∆(K),

for all i = 1, .., |K| + 1. Passing to convergent subsequences if necessary, we can assume that psi → pi ∈
∂∆(K), for each i = 1, ..., |K| + 1. Similarly, assume αs

i → αi, for each i = 1, ..., |K| + 1. Note that

we have
∑|K|+1

i=1 αs
i vAs

(psi ) = Cav(vAs
)(p). By Theorem 0.3, Cav(vAs

)(p) → Cav(vA)(p), as s → ∞. By

Lemma 0.1 and the above assumptions,
∑|K|+1

i αs
i vA(psi ) →

∑|K|+1
i αivA(pi), as s → ∞, it implies that∑|K|+1

i αivA(pi) = Cav(vA)(p). This is a contradiction, since pi ∈ ∂∆(K),∀i = 1, .., |K|+ 1. �



ONLINE APPENDIX 3

The next result shows that the property of the interval I(p) being nondegenerate is robust to payoff

perturbation.

Proposition 0.6. Let IA, JA, IB , JB ,KA and KB be finite sets. Let G(p) denote the set of vectors

(A1, A2, ..., A|KA|, B1, B2, ..., B|KB |) ∈
∏

kA∈KA

R(IA×IB) ×
∏

kB∈KB

R(IB×JB)

that define a G(p) for which I(p) is nondegenerate. Then G(p) is open in
∏

kA∈KA
R(IA×IB)×

∏
kB∈KB

R(IB×JB).

Proof. Define (f + g) :
∏

kA∈KA
R(IA×IB) ×

∏
kB∈KB

R(IB×JB) → C(∆(KA ×KB)) by

(f + g)(A1, A2, ..., A|KA|, B1, B2, ..., B|KB |) = h̄.

Notice that (f+g) is continuous, by Lemma 0.1. Let now (A1
n, ..., A

|KA|
n , B1

n, ..., B
|KB |
n )n∈N ⊂

∏
kA∈KA

R(IA×IB)×∏
kB∈KB

R(IB×JB) be a sequence converging to a point

(A1, A2, ..., A|KA|, B1, B2, ..., B|KB |)

in Ḡ(p). Let (h̄n)n∈N, (vAn)n∈N and (vBn)n∈N be the corresponding sequences of nonrevealing value functions.

By Lemma 0.1, h̄n converges uniformly to h, vAn converges uniformly to vA and vBn converges uniformly

to vB . It follows now by Theorem 0.3 that there exists n0 ∈ N such that ∀n ≥ n0 we have Cav(h̄n)(p) <

Cav(vAn)(pA) + Cav(vBn)(pB). Since the sequence of vectors considered is arbitrary, it follows that there

exists an open set around (A1, A2, ..., A|KA|, B1, B2, ..., B|KB |) where I(p) is nondegenerate. �
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